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Abstract.  Simulation and formal veri cation are two complemertary
techniques for cheding the correctnessof hardware and software designs.
Formal veri cation provesthat a design property holds for all points of
the seard spacewhile simulation chedks this property by probing the
seard spaceat a subsetof points. A known fact is that simulation works
surprisingly well taking into accourt the negligible part of the seart
spacecovered by test points. We explore this phenomenonby the exam-
ple of the satis abilit y problem (SAT). We believe that the successof
simulation can be understood if one interprets a set of test points not
as a sample of the searct space, but as a \pro ver" that can rigorously
prove unsatis abilit y of CNF formulas. We intro duce the notion of a suf-
“cient test set of a CNF formula which is a test set that has \enough
power" to prove the unsatis abilit y of this formula. We show how suz-
cient test sets can be built. We discussapplications of \tight" sutcient
test sets in manufacturing testing and functional veri cation and give
some experimental results.

1 Intro duction

Developmert of new methods of hardware and software veri cation is in growing
demand due to ever-increasingdesign complexity. Simulation and formal veri -
cation are two complemertary veri cation techniques. Given a design property
», formal veri cation provesthat » holds for every point of the seard space.
Simulation veri es » by testing a small subset of the seard space.The main
drawbadk of formal veri cation is its unscalability while an obvious °aw of sim-
ulation is its inability to prove that » holds for every point of the seart space.
Nevertheless,the main bulk of veri cation is currently done by simulation: it is
scalableand works surprisingly well even though the set of test points (further
referred to asthe test set) comprisesa negligible part of the seart space.

We study why simulation is so e®ectie on the example of the satis abilit y
problem (SAT). In terms of SAT, formal veri cation is to prove that a CNF
formula F(x41,.., Xn) is unsatis able at every point p 2 f0,1g". On the other
hand, simulation is to give some\guarantee” that F is unsatis able by testing
it at a (small) set of points from f0,1g". (Local searh algorithms pioneered
in [5, 6] can be viewed as solving SAT by \simulation". While these algorithms
target satis able formulas, in this paper, we are mostly interested in applying
simulation to unsatis able formulas.) We believe that the successof simulation



can be explained if oneinterprets a test set not as a sample of the seard space
but asa prover that can rigorously prove the unsatis abilit y of CNF formulas.

We intro duce a procedure Sat(T,F,L) that provesunsatis abilit y of a CNF
formula F usingatest setT asa\prover". HerelL is asetof\lemma" clauses(or
just lemmasfor short). If for somepoint p 2 T, F(p) is equalto 1, Sat(T,F,L)
reports that F is satis able. Otherwise, Sat(T,F,L) either provesthat F is un-
satis able or reports failure. A test set T is called suzcien t for a CNF formula
F, if there is a set of lemma clausesL for which Sat(T,F,L) provesunsatis abil-
ity of F. The setof lemmaclausesL ;,...,L is orderedand the last clauseL is
empty. The procedureSat(T,F,L) takesa clauselL; and chedks if F impliesL;. If
it succeedsn proving this implication, L; is addel to F. (Otherwise, Sat(T,F,L)
reports failure.) Then Sat(T,F,L) starts processingclauselL i+; . The implication
ched above is basedon computing a stable set of points (SSP) [4]. Namely, in
this paper, we describe an excient procedurethat, given a set of points T and
a CNF formula F© chedks if a subsetof T is an SSPfor FO This procedureis
usedby Sat(T,F,L) to chek if F ! L;. So,in a sensethe test setT is usedhby
Sat(T,F,L) asa\prover".

The fewer lemmasa suzcient test set T \needs" for proving unsatis abilit y of
F by Sat(T,F,L), the higher the \qualit y" of T is. If the setL of lemma clauses
consistsonly of an empty clause,Sat(T,F,L) succeedsn proving unsatis abilit y
of F only if T contains an SSP. Soan SSPis the most powerful \pro ver". In [3],
we introduced the notion of a point image of resolution proof R that a CNF
formula is unsatis able. We show in this paper that if the clausesof L are the
resohents of R, the procedure Sat(T,F,L) succeedsf T is a point image of R.
A point image of a resolution proof is, in a sensethe weakest \pro ver".

Suzciency of a test set T with respect to an unsatis able CNF formula F
makesthis set\complete" in somesense However, such completenessalonedoes
not make T good for detecting small variations of F. In this paper, we intro duce
\tight" suzcient test setsthat are \sensitive" to formula variations and show
how sud test setscan be built.

Givena CNF formula F, onecanbuild a (tight) suzcient test setT asa point
image of a resolution proof R that F is unsatis able. One can get a stronger test
set by rarifying the proof R (i.e. by remaoving someresoherts from R). The idea
is that rari cation of R makesit harderto proveF ! C (where C is a remaining
resohent of R) using a test set as a prover. Soone hasto build a stronger test
set T. In particular, if oneremovesfrom R all resolverts but an empty clause,
the test setturns into an SSP of F. By varying the degreeof rari cation of R
onecan nd the required trade-o® betweenthe sizeand the quality of T.

There are at least two areasof application of our theory. The rst areais
generation of manufacturing tests. In terms of SAT, the task of manufacturing
testing is asfollows. Given an unsatis able CNF formula F, oneneedsto nd a
set T of points that can detect if F becomessatis able after a small variation
(\fault"). The secondareais functional veri cation. In terms of SAT, functional
veri cation is either to prove unsatis abilit y of a CNF formula F or to get some
\guarantee" that F is unsatis able. (In other words, functional veri cation is



the superset of formal veri cation and simulation.) Interestingly, in functional
veri cation there is an application of sutcient test setssimilar to the one men-
tioned above (i.e. nding a test setdetecting if a variation makesF satis able).
However, in the caseof functional veri cation, a variation of F describesnot a
manufacturing fault but a small designchange.

A suzcient test set may occupy a negligible part of the seard space.(For
example, a point image of a resolution proof is at most two times the sizeof the
proof. ) This fact shedslight on why simulation works sowell. The notion of a
suzcient test set can be also usedto explain the successof corner casedriven
test generation. Currently, tests exercising design \corner cases"is one of the
key contributors to the good performance of simulation. Intuitiv ely, these kind
of tests are most likely to be a part of a sutcient test set. We substartiate these
intuition in Section 6. We show that a tight sutcient test set extracted from a
\natural" resolution proof that two copiesof a circuit are functionally equivalert
contains all the tests for detecting stuck-at faults[1]. On the onehand, such tests
are ubiquitous in circuit testing. On the other hand, they are exactly aimed at
exercisingcorner casesof circuit behavior.

This paper is structured asfollows. Section2 describesa procedurefor chedk-
ing if a setof points contains an SSPof a CNF formula. In Section3, we describe
the procedureSat(T,F,L) and intro duce the notion of a sutcient test set. Gen-
eration of tight suzxcient test setsis described in Section 4. In Section 5, we
discussthe speci c¢s of testing formulas describing circuits. Sections6 and 7 de-
scribe application of suxcient test setsin manufacturing testing and functional
veri cation. We give some experimental results in Section 8 and conclude by
Section 9.

2 Checking if Test Set Contains SSP

In this section, we give somebasic de nitions, recall the notion of a stable set of
points (SSP) [4] and introduce a procedurethat cheds if a setof points cortains
a stable subset.

Basic de nitions. Let F be a CNF formula (i.e. conjunction of dis-
junctions of literals) over a set X of Booleanvariables. The satis abilit y problem
(SAT) isto nd a complete assignmen p (called a satisfying assignment) to
the variablesof X such that F(p) = 1 or to prove that such an assignmen does
not exist. If F has a satisfying assignmem, F is called satis able . Otherwise,
F is unsatis able . A disjunction of literals is further referredto asa clause. A
completeassignmern to variablesof X will be alsocalleda point of the Boolean
spacef0,1gX ). A point p satises clauseC, if C(p)=1. If C(p)=0, p is said
to falsify C. Denote by Vars(C) and Vars(F) the set of variables of C and F,
respectively. We will call a complete assignmen p 2 f0,1g%/ a test for F. We
will call a setof points T u 0,19} a test set for F.

Stable set of points. Let a point p 2 f0,1g*/ falsify a clauseC of
k literals. Denote by Nbhd(p,C) the set of k points obtained from p by °ip-
ping the value of one of k variables of C. For example, let X =fx4,.., Xsg and



C =X, _ X3 _Xsandp=(x1=0, x,=0, x3=0, x4=1, x5=1). (Note that C(p)=0.)
Then Nbhd(p,C) =fp1, p2, psg wherepy = (.., X2=1,..), p2=(.., X3=1,..), ps
= (..., x5=0). (For each p; , the skipped assignmeits are the sameasin p.)

Let a CNF formula F over a set X of Boolean variables consist of clauses
Ci,...,Cs.Let T = fpy,...,pmgbeanon-empty setof points from f0,1g*] such
that F(p;)=0, i=1,..,m. Let g: T! F be a function mapping ead point p; of
T to aclauseC; of F sud that the clauseC; = g(p;) is falsi ed by p;. The set
T is called a stable set of points (SSP) of F with respect to a function g, if
for each p; 2 T, Nbhd(pi,g(pi)) 1 T.

Prop osition [4]. Let F=fC4,..,Csg be a CNF formula over a set X of
Boolean variables. Formula F is unsatis able i® there is a set T of points from
f0,1g%) and a function g: T ! F such that T is an SSPwith respect to g.

Checking if test set contains SSP. Given a set of points T and
a CNF formula F, the procedureof Figure 1 chedks if there is subsetof T that
is an SSPof F with respectto somefunction g. For every point p of T it chedks

Stablesubsetcheck(T,F) if there is a clauseC of F such that Nbhd(p,C) u

fremovel=true ; T (the function no_clausgp,F,T)). If such a
while (removel) clausedoesnot exist, p is removed from T and
fremovel=false; every point of T is chedked again. (The reason

for (every point p 2 T) | for starting over again is as follows. Even if in
if (no_clausg(p,F,T)) | the previous iterations a point p® was not re-

fT =Tnfpg; moved from T, after removing p, the situation

removel=true; may changefor p“.) This repeats until no point

break;gg is removed from T, which may happen only in
if (T 6 ;) return (stable) | two casesa) T is empty (and soit doesnot con-
elsereturn(unstable);g tain a stable subset). b) The remaining points

Figure 1. Checking if T contains an SSP

of T form an SSP. The complexity of this procedure is jTj?gjFjajXj. On the
other hand, aswe show in [2] ( @ more detailed version of the current paper) the
complexity of the procedurethat cheds if T itself is an SSPis jTjojFjojXj.

3 Procedure Sat(T,F,L) and Suxcien t Test Sets

In this section, we describe a procedure Sat(T,F,L) that usesa test setT to
prove that a CNF formula F is unsatis able. We also intro duce the notion of a
suzcient test set and describe how sutcient test setscan be obtained.



SAT(T,F,L) procedur e The pseudaode of the procedureSat(T,F L)
is shawvn in Figure 2. Herel is a setof \lemma" clausesL 1,.., Ly wherethe

Sat(T,F,L) clauseL y is empty. First, Sat(T,F,L) chedks
fif (satisfy(T,F)) return(sat) if a point p of T satises F. If sucdh a
for (i=1,..,k)) point exists, Sat(T,F,L) reports that F is

fif (implies(T,F,L;)== false) | satis able. Then Sat(T,F,L) processeshe

return( unknown) clausesof L in the order they are numbered.

F=F][ fLiggg For every lemmaclausel; of L, this proce-
return(unsat);g dure chedks if F implies L, by calling

Figure 2. Pseudo code of pro cedure SAT (T,F,L)

the function implies(T,F,L;). If it succeedsin proving this implication, L; is
addel to F. To ched if F implies L;, the function implies(T,F,L;) usesthe
procedure Stablesubsetcheck of Figure 1 asfollows. First, the subformula F
is obtained from F by making the assignmeits setting all the literals of L; to 0.
Formula F impliesL; i® F, is unsatis able. To ched if F, is unsatis able, the
procedureStablesubsetcheck(T, , ,F,) is called by the function implies(T,F ,L;)
where T, is the subsetof points of T falsifying L;. This procedurecheds if the
set T_, cortains a subsetthat is an SSPwith respectto F|,. The complexity of
Sat(T,F,L) isjTj?ajFjajXjajLj where X is the set of variables of F and jLj
is the number of lemma clauses.(In [2], we give a version of Sat(T,F,L) that is
linear in jTj but needsmore information than the procedure of Figure 2.)

Suzcient test sets. We will say that atest setT is sutcien t for F,
if there is a set L of lemma clausessuch that Sat(T,F,L) succeedsin proving
the unsatis ability of F. That is, T is a suzcient test setfor F, if it has enough
\p ower" to show that F is unsatis able by proving a sequenceof lemmasL.

In general,the fewer lemma clausesare in the setL, the larger test set T is
necessaryfor Sat(T,F,L) to succeed.In particular, if L cortains only an empty
clause,then Sat(T,F,L) succeedonly if T contains an SSP. On the other hand,
aswe show below, if L consistsof the resolvents of a resolution proof R that F
is unsatis able, Sat(T;F;L) succeedsvenif T is\just" a point image of R.

The notion of a point image of a resolution proof R wasintroducedin [3]. A
set of points T is called a point image of R if for any resolution operation of
R over clausesC? and C% there are points p°p® 2 T satisfying the following
two conditions: a) CYp%= C°{p®9=0; b) p°p®are di®ereri only in the variable
in which clausesC? and C%are resolved. Such two points are called a point
image of the resolution operation over C°and C%®

Let C be the resolert of C%and C% Let the setL of lemma clausesconsist
of the resolents of R. Then C is in L. When the Sat(T,F,L) procedure gets
to proving that C is implied by the current formula F, clausesC®and C%have
beenalready addedto F. Let F¢ be the formula obtained from F for cheding
if F implies C (by making the assignmers setting the literals of C to 0). In Fc¢,
clausesC? and C%turn into unit clausesx; and X; (where x; is the variable in
which C%and C%are resolved). Then the points p%p®form an SSPwith respect
to theseunit clausesand hencewith respectto F¢. Sothe procedureSat(T,F,L)



succeedsf L consistsof the resolvernts of a proof R and T is a point image of R.
A point imageis the \w eakest" sutcient test set, becauseit is ableto prove only
the weakest lemmas (that the resohert of C°and C%is implied by C°~ C9.

Gener ation of suxcient test sets. Givena CNF formula F, one
can build its suzxcient test set asa point image T of a resolution proof R that
F is unsatis able. Building T is very simple. For every pair of clausesC® and
C%whoseresolert is in R onejust needsto nd a point image of the resolution
operation over C%and C The union of point imagesof all resolution operations
forms a point image of R (and so a suzcient test setfor F). Note that the size
of such a point image is twice the sizeof R at most.

As we mertioned above, a point image of a resolution proof R is the \w eak-
est" suzcient test set. Howewer, one can always get a \stronger" test set by
\rarifying" R. The idea is to remove someresohens from R and use the re-
maining clausesasthe set L of lemmas.Then for every clauselL; of L we build
an SSP §; for F_, thus proving that F ! L; . (We assumethat the lemma
clausesLy,.., Li; 1 \proven" beforeL; have beenaddedto F.) A procedure for
building an SSPis described in [4]. Sincesomeresolhents of R are missing, now
one may need more than two points to provethat F ! L;. The setT = S
.. [ Sk wherek = jLj forms a suxcient test set that is \stronger" than a point
image of R (becauseT can prove more \complex" lemmas). If one removesfrom
R all the resohents but an empty clause, T turns into an SSP.

4 Tight Suzxcien t Test Sets

The fact that a test set T is sutcient for a CNF formula F meansthat T is
\complete" in somesense.Howewer, this completenessalone does not make T
a high-quality test set. In practical applications, one needsto generatetest sets
that are \sensitive" to small variations F that make it satis able. So, given
a satis able formula F° obtained from F by a \small* change, we want T to
cortain a point p that satis es F° and so \detects" this change. This can be
done by making suzcient test sets\tigh t". Informally, a suzcient test setT is
tigh t if every point p of T falsi es as few clausesof the original formula F as
possible.(Ideally, every point p of T should falsify only one original clause).If p
falsi es only clauseC; of F, then p may detect a \v ariation" of F that includes
disappearanceof C; from F (or adding to C; a literal satis ed by p).

One can give a more \high-lev el" explanation of why a sutcient test setT of
F shouldbetight. In general,wewant T to beunique for F and so\un usable" by
other CNF formulas. Then if F changes,T will beeither insuzcient (if F remains
unsatis able) or with great probability will contain a satisfying assignmen (if
F becomessatis able).

Let us consider building a tight point image T of a resolution proof R. Let
C be the resohent of C°and C° When looking for two points p°p® forming a
point image of the resolution operation over clausesC® and C°(and so forming
an SSP of subformula Fc) we have freedom in assigning variables of F that
are not in C%and C% To make the test set T tight, these assignmeis should



be chosento minimize the number of clausesfalsi ed by p°p® Note that since
p°p®aredi®erert only in onevariable (in which C%and C%are resoled), picking
one point, say p° completely determinesthe point p® This posesthe following
problem. It is possiblethat no matter how well one picks the point p° to falsify
only one clauseof F, the corresponding point p®falsi es many clausesof F.

In [2], we describe a solution to the problem above. Namely we describe a
version of the procedure Sat(T,F,L) that slightly \relaxes" the de nition of a
suzcient test set. In this version, in points p°p%, only the parts consisting of
the assignmets of the variablesof Vars(C9 [ Vars(C% have to be at Hamming
distance 1 (i.e. onejust needsto guarartee that both p®p®falsify the resolert
of C%and C%. Assignmeris to the variables that are not in C° and C%can
be done independently in p°p® In [2], we also describe how one can build a
tight suzcient test set extracted from a \rari ed" resolution proof (that was
introduced in subsection\Generation of sutcient test sets" of Section 3) i.e.
how to build tight sutcient tests setsthat are stronger than those obtained
from resolution proofs.

5 Circuit Testing

So far we have studied the testing of geneal CNF formulas. In this section, we
consider the subproblem of SAT called Circuit-SAT. In this subproblem, CNF
formulas describe combinational circuits. We discusssome speci cs of testing
formulas of Circuit-SAT.

Cir cuit-SA T. Let N be a single-output combinational circuit. Let Fy
be a CNF formula specifying N and obtained from it in a regular way. That is
for every gate G;,i=1,..,k of the circuit N, a CNF formula F (G;) specifying G;
is formed and Fy = F(G3) ~ ::: ™ F(Gk). For example, if G; is an AND gate
implemerting v; = vy, * v, (where v;, vy ,v, describe the output and inputs of
Gi), F(Gj) isequalto (Vi _ Vi _ Vi)™ (Vm _ V)™ (Vn _ Vj). Let variable z de-
scribe the output of N. Then the formula Fy ~ z (where z is just a single-literal
clause)is satis able i® there is an assignmen to input variables of N for which
the latter evaluatesto 1. We will refer to testing the satis ability of Fy ~ z as
Circuit-SA T.

Speci cs of testing Cir cuit-SA T formulas. Let N(Y,H,z) be
a circuit where Y, H are the set of input and internal variables respectively.
Let Fy * z be a CNF formula describing an instance of Circuit-SAT. Let p be
a test aswe de ned it for SAT (i.e. a complete assignmen to the variables of
Y[ H[ fzg. We will denote by inp(p) the input part of p that is the part
consisting of the assignmeits of p to the variablesof Y.

The main di®erencebetweenthe de nition of atest asa completeassignmen
p that we used so far and the one used in circuit testing is that in circuit
testing the input part of p is called a test. (We will referto inp(p) asa circuit
test.) The reasonfor that is asfollows. Let N(Y ,H;z) be a circuit and Fy » z
be the CNF formula to be tested for satis ability. A complete assignmem p



can be represetted as (y,h,z") wherey, h are complete assignmets to Y, H
respectively and z° is an assignmen to variable z. Denote by F the formula
Fn ” z. If F(p)=0, then no matter how one changesassignmeits h, z” in p, the
latter falsi es a clauseof F. (So, in reality, inp(p) is a cube specifying a huge
number of complete assignmens.) Then instead of enumerating the complete
assignmeits to Vars(F) one can enumerate the complete assignmerns to the
setY of input variables. In our approach, however, using cubesis unacceptable
becausethe complexity of Sat(T,F,L) is proportional to the sizeof T.

Note that, given a suzxcient test set T= fpy,...,pm g, ONe can always form
a circuit test setinp(T)= fyi,...,yx0, kK - m, consisting of input parts of the
points from T. (Somepoints of T may have identical input parts, soinp(T) may
be smaller than T.) In the caseof manufacturing testing, transformation of T
into inp(T) is \mandatory". In this case,a hardware implementation of a circuit
N is tested and usually one has accessonly to the input variablesof N. (In the
caseof functional veri cation, one dealswith a software model of N and so any
variable of F can be assignedan arbitrary value.)

A point p; of T hasan interesting interpretation in Circuit-SAT if the value
of zisequalto 1in p;. Let F°bethe subsetof clausesof Fy falsi ed by p;. (For
a tight test set, F° consistsof a very small number of clauses,most likely one
clause.) SupposeN has changedand this changecan be simulated by removing
the clausesof F°from Fy or by adding to every clauseof F °a literal satis ed by
pi . Then if one appliesthe assignmens of inp(p;) to the input variables of the
changedcircuit, the latter evaluatesto 1. In other words, the \in ternal" part of
pi describeswhat change (\fault") needsto be brought into circuit N to make
inp(p;) a circuit test that "detects" that N becamesatis able.

6 Man ufacturing Testing

We showed above how a tight suzcient test set can be built from a resolution
proof (possibly \rari ed"). In this section, we describe how one can use tight
suzxcient test setsfor manufacturing testing. In terms of SAT, the objective of
manufacturing testing is to detect a variation (\Mfault") of an unsatis able F that
makesthe latter satis able. Usually, to reducethe size of test set, a fault model
(e.g. the stuck-at fault model [1]) is speci ed. Then a set of tests detecting all
testable faults of this model is generated. An obvious °aw of this approac is
that onehasto foreseewhat kind of faults may occur in the circuit. Nevertheless
somefault models(especially a stuck-at fault model) are widely usedin industry.
The reasonfor such popularity is that a set of tests detecting all testable stuck-at
faults also detects a great deal of faults of other types.

In this section, we shav how one can usetight sutcient test setsfor manu-
facturing testing of a circuit N. The idea s to build a resolution proof R that a
property » of N holds and then use R (possibly \rari ed") to build a tight suf-
“cient test setT. This test setis meart to detect faults that break the property
» Importantly, such a test set is fault model independent Every point p; of T
can be trivially transformed to a circuit test by taking the input part of p;.



The most \fundamental" property of a circuit is self-equinalence. In this
section, we show that a tight sutcient test set T for the formula specifying self-
equivalenceof N contains tests for detecting stuck-at faults. (In [2] we show that
on the one hand, inp(T) contains tests for detecting all testablestuck-at faults ,
on the other hand, inp(T) is \ stronger" than a set of tests detecting all testable
stuck-at faults.) This result o®ersa good explanation of why test setsdetecting
stuck-at faults work sowell for other typesof faults.

Further exposition is structured asfollows. First we describe a circuit (called
a miter) that is used for equivalence cheking. Then we give the de nition of
a stuck-at fault in circuit N. After that we shov how one can build a test
detecting a stuck-at fault using a formula F describing cheding self-equialence
of N. Finally, we shaw that a tight point image of a \natural" resolution proof
that F is unsatis able contains such tests.

Manufacturing tests and self-e quivalenc e check. Fig. 3shows
acircuit M (called a miter ) composedof two s-input, g-output circuits N ° and
N9 Here G; is an XOR gate and G is an OR gate. The circuit M evaluates
to 1i® N°and N ®produce di®eren output assignmets for the sameinput as-
signmert. SoN %and N ®are functionally equivalert i® the CNF formula Fy ~ z
is unsatis able (here Fy speci es the functionality of M and z is the output
variable of M ).

Supposethat wewant to generatea set of
manufacturing tests for a circuit N. We can
do this as follows. First we build the miter
M of two copiesof N. (In this case,N°and
N %of Figure 3 arejust copiesof N having
the sameinput variablesand separatesetsof
internal variables.) After that we construct
a proof R that the formula F = Fy * z
is unsatis able and then use R to build a
tight suzcient test set T. The idea is that
being tight, T can be used for detection of
variations of F describing appearanceof a
Fig. 3. Miter M of circuits N° fault in one of the copiesof N.

and N Stuck-at faults. A stuck-at fault in
a circuit N, describesthe situation when a line in N is stuck at constant value
0 or 1. Let Gi(vm,vk) be a gate of N. Then appearanceof a stuck-at-1 fault A
on the input line vy, of G;j, meansthat for every assignmem to the inputs of N
the value of v, remains 1. (Supposethat the output of gate G, described by
variable vy, , in addition to aninput of G;, feedsan input of someother gate G.
In the single stuck-at fault model we usein this paper, only the input v, of G;
or Gy is assumedto be stuck at constart value.) Let G; be an AND gate. Then
the functionality of G; can be described by CNF F(G;) = (Vm _ Yk _ Vi)™ (Vm _
Vi) * (vk _ Vi) wherev; describesthe output of G;. The fault A above can be
simulated by remaving the clausev,, _ Vi from F(G;) (it is satis ed by vy, =1)
and removing the literal Vi, from the clausevy, _ Vi _ v; of F(Gj).




Construction of tests detecting stuck-at-faults. Supposethe
stuck-at-1 fault A above occurred in the copy N%of N (i.e. it occurred on the
input line v, of the AND gate G;(v2,,v?) of N9. Let us show how this fault can
be detected using the formula F=Fy ~ z. Let p be an assignmen falsifying the
clausev?, _ v of F(G?) and satisfying every other clauseof F. Then the input
assignmen inp(p) is a circuit test detecting A. Indeed, since p satis’es all the
clausesof F but v _ V0, then N®(the correct copy of N) and N° (the faulty
copy) producedi®erert output assignmets. Besides,sincep falsi es v9 _Wand
satis es the clausevy _ v? the assignmets to the variables of G are vg, =0, v=1,
v=1. That is the output of G? has exactly the value, that would have been
produced if v0 got stuck at 1. If there is no point p falsifying vo _ W and
satisfying the rest of the clausesof F, the stuck-at-1 fault A is untestable (i.e.
the input/output behavior of N doesnot changein the presenceA).

Extr acting a tight sutcient test set from a \natur al"
resolution proof. A \natural" proof Ry, that F is unsatis able is to de-
rive clausesdescribing functional equivalenceof corresponding internal points of
N%and N % Theseclausesare derived in topological order. First, the clausesde-
scribing the equivalenceof outputs of corresponding gatesat topological level 1
(whoseinputs are inputs of N%and N % are derived. Then using the equivalence
clausesrelating outputs of gates of topological level 1, the equivalence clauses
relating outputs of corresponding gatesof level 2 are derived and so on.

When building Rpat, we resohe clausesF (GY(v%;v0)) and F(GP{veS v29)
describing corresponding gatesGP° and G®of N % and N ®and equivalenceclauses
EQ(V2 V%), EQ(vP,vYY relating inputs of G? and G® Here EQ(VS, ,vO)=( Vg, _
vl A (VO v99) if v and v are internal variables. If v2 and v% are input
variables of N® and N °°they denote the sameinput variable and EQ(v?;v%9)

1. By resolving clausesof F(G(v2;v0)) ~ F(Gv%;v9) ~ EQ(VS v »
EQ(V?,vYY we generatenew equivalenceclauseseQ (v2,v? relating the outputs
of G2 and G® Let p; and p, be a tight point image of the resolution operation
over clausesC; and C, performed when deriving clausesof EQ(v2v® . Let, say
Ci, be a clauseof F(G?) , p; falsify C; and satisfy F n fC;g. Then, using the
reasoningwe applied in the previous subsection,one can shaw that inp(p,) is
a circuit test detecting the stuck-at-fault corresponding to disappearanceof C;
from F. More detailed description of building a tight point image of R and its
relation to stuck-at fault testsis givenin [2]. In particular, we show that the set
inp(Tnhat ) Where Tpy: is a tight point image of R, cortains tests detecting all
testable stuck-at faults. On the other hand, inp(Tin, ) may have to cortain tests
that detect the samestuck-at-fault \in di®erent ways". So,inp(Tinp ) is stronger
than a test set detecting testable all stuck-at faults.

Brief discussion. The sizeof Ry and hencethe sizeof T,y is linear
in the size of N. Moreover, since di®erert points of Tny may have identical
input parts, the sizeof inp (T, ) may be considerably smaller than that of T, .
Importantly, Ty iS not \meant" to detect stuck-at or any other type of faults.
The fact that T,s: doescortain such testsindicatesthat tight test setsextracted
from resolution proofs can be successfullyusedin manufacturing testing.



One can always get a stronger test set (that detects more faults of various
kinds) by \rarifying" the proof R. Suppose,for example, that a subcircuit K
of circuit N is particularly prone to faults and requires some\extra" testing.
This can be achieved, for example, by dropping all the resolents of R that were
generated from clausesFg o and Fx o when obtaining the equivalence clauses
EQ(VPVYY. Here EQ(v2VY relate the outputs of K ®and K °°in N °and N “and
Fk arethe clausesspecifying the functionalit y of subcircuit K . Let C beaclause
of EQ(v2 VY. Then an SSPS of the subformula F¢ (here F¢ is the CNF formula
built to ched if F implies C) will contain more points then the part of a point
image of R corresponding to resolution operations over clausesof Fx o and F oo.
Soa test set containing S will provide better testing of the subcircuit K.

7 Functional Veri cation

At “rst glance, building a suzcient test set basedon a proof that a formula F
is unsatis able doesnot make sensein functional veri cation (i.e. checking the
unsatis abilit y of F either formally or by simulation). Indeed, if we have a proof
that F is unsatis able, there is no needto test F by \simulation". Howewer, as
we show below, there are scenariosunder which tight sutcient test setscan be
usedto generatehigh-quality test sets. Here we assumethat a CNF formula F
speci es someproperty » of a circuit N . Unsatis abilit y of F meansthat » holds
for this circuit. One more assumption is that proving the unsatis abilit y of F
is hard or takestoo much time and we would like to test » by simulation. We
sketch two (out of many) ways to improve the quality of this simulation that are
basedon application of our theory of sutcient tests sets.

Testing a modi e d cir cuit. Supposewe managedto generatea res-
olution proof R that » holds. Supposewe have to make a small changein N and
would like to know if the property » holds for the new circuit N2 Then instead
of generating a new proof we can useR to build atight sutcient test set T and
then apply the input parts of points of T to test N °.

Testing property » under assumptions. Supposethat we can
not prove the unsatis abilit y of F but succeededn proving the unsatis abilit y
of F~ H whereH is a CNF formula consisting of assumption clauses Then the
property »is provedto hold for every point p for which H (p) = 1. A trivial way to
usethis fact is to \randomly" generatepoints p for which H(p)=0 trying to 'nd
onefor which F evaluatesto 1. (Generation of \random" assignmeirts that satisfy
someconstraints is a widely-usedtechnique now.) However one can do better by
making useof the resolution proof R found when proving unsatis ability F~ H.
The ideais to build atight point imageT of R of a specialkind. When generating
apoint p of T it is allowed to falsify an arbitrary number of clausesof H. At the
sametime the number of clausesof F falsi ed by p is supposedto be kept to
minimum. If a point satisfying all the clausesof F is found, then » doesnot hold.
The di®erenceof this approac from just looking for a point for which H (p)=0
and F (p)=1 is asfollows. When building a point image of a resolution operation
somevalue assignmeits of p are mandatory. Sothe seard of a courterexample



p is \guided" by resolutions of R. This seard is \complete" in the sensethat
when \attac king" (i.e. falsifying) assumptionsof H we take into accourt every
situation in which an assumption clause(or its descendat) wasusedin R.

8 Exp erimen tal Results

In this section, we describe application of tight suzcient test setsto circuit test-
ing. In the experiments we comparedthe quality of circuit tests (i.e. complete
assignmeits to input variables) generatedrandomly and extracted from tight
suzxcient test sets.Given a circuit N, a tight sutcient test set T was extracted
from a resolution proof R that a CNF formula F describing equivalence ched-
ing of two copiesof N is unsatis able. (The exact procedure for obtaining T
from R and many more experimental results are givenin [2]. Resolution proofs
were generatedby the SAT-solver FI [3].) To form a circuit test setfrom T we
randomly picked a subsetof the setinp(T) (where inp(T) consistsof the input
parts of the points from T).

Table 1 shaws experimental results for four circuits of a MCNC bendcmark
set. All circuits consist of two-input AND and OR gatesinputs of which may
be negated. The columns 2-4 give the number of inputs, outputs and gates of
a circuit. The fth column shows the size of the proof R (in the number of
resolution operations) that

Name [|#inp [#out [#gates|#pro of[#p oint two copiesof circuit N are

image T equn(alert. The last golumn gives
432 |36 |7 |215 |10,021|5,407 | (he sizeofatight point image
o499 21 |32 |414 |59.582[27.903 of R (in the number of points.)
cordic |23 |2 93 1,443 808 deslc_:(raitbilr:]g be?qlivca:llzrfc;oéhnli&—l
i2 201 |1 233  |1,777 |1,435 . . 0 00
ing of two copiesN®” and N
of acircuit N. HereF = Fy
Table 1. The size of circuits, proofs and z where z is the variable de-
point images scribing the output of the miter
M of N%and N °(as shown in Figure 3).

The fault we usedin experiments wasto add a literal to a clauseof Fy, . This
fault is more\subtle" than a stuck-at fault in which an ertire clauseis removed
from Fy . Although the literal appearancefault doesnot exactly correspond to
an existing model of a manufacturing fault, in [2] we give its interpretation from
altechnological" point of view. Literal appearancein a clauseof Fy, canbe also
usedto \simulate" small designchangesthat are hard to detect in functional
veri c ation.

Let s be a circuit test (i.e. an assignmen to the input variables of N). To
ched if A is detected by s we make the assignmets specied by s in Fy, and
run Boolean Constraint Propagation (BCP) for Fy, . If z getsassignedl (or 0)
during BCP, then s detects (respectively doesnot detect) A.

In generalhowever, running BCP may not result in deducing the value of z.
The reasonis that adding a literal to a clauseof Fy, is not a \functional fault".




For example, let the C = v?_ v? _ v{ be a clauseof the CNF F (Gf) describing
the functionality of the AND gate G (v v’) Supposethat A is to add literal
v, to C. Normally, if vi°:1,vj°:1, the value vi=1 is derived from the clauseC.
Howevwer, if the value of v%, becomesequalto 1 during BCP (beforethe variable
Vi is assigned) then the clausev?_v?_vQ _ v}, is satis ed without assigning1 to
vl. Sothe output of the gate G{ remainsunspeci ed under the input assignmen
s. In this case,we run a SAT-solver trying to assignvaluesto the unassigned
variablesto satisfy F (and sosetz to 1). If such an assignmen exists (doesnot

exist), s is consideredto detect (not to detect) A.

Table 2 shows the results

Name |#tests|SIS |rand extr. from ) N
H#ts  |#ts inp (T) of fault testing for the circuits
#ots of Table1. In every experimert
) 86 69.7(65) [79.7 (76) we generateleOtestabIefagIts
32 (100 - 77.1(72) [86.7(78) (i.e. every fault madeF satis-
500 I 88.7(85) 955 (30) able). The secondcolumn of
93 90 78.7(70) [85.9(83) Table 2 gl\_/esthe S|zeo_f atest
499 200 - 86.9(84) [91.2 (89) set.The third column givesthe
200 - 91(88) |95.2(92) result for a test set detecting

all stuck-at faults in N. This

di igo ?4 ;gggg; gigg% test set was generatedby the

cordic 500 |- 54.8(36) 99.(98) logic synthesis system SIS [7].

. Since we could not vary the

i iéé _71 gg % gigggg; size of the test set produced

: . ' by SIS, only one test set was
600 |- 11.6(10) [82.4(80)

usedper circuit. For example,

for the circuit c432 atest set
of 58 tests was generated by
SIS. Thesetests were able to detect 86 out of 100 faults of literal appearance.
The fourth column contains the results of fault detection using circuit tests gen-
erated randomly. In every experiment we used 10 test sets and computed the
average result. The value in parenthesesshows the worst result out of 10. For
example, for the circuit c432 in the rst experiment (rst line of Table 2) we
generated 10 test sets, eat consisting of 58 tests. On average,69.7 faults were
detected, 65 faults being the worst result out of 10.

The fth column contains the result of fault detection using circuit tests
extracted from the setinp(T) where T is a point image of a proof R that F is
unsatis able. Namely, we randomly extracted a particular number of tests from
inp(T). The corresponding sizesof T aregivenin Table 1. In every experiment we
also generated10 test setsof a particular sizeand we give the averagevalue and
the worst result out of 10. For example,in the rst experimert, for the circuit
432, 10 test sets of 58 tests ead were extracted from inp(T). The average
number of detected faults was 79.7 and the worst result was 76 faults.

Table 2. Circuit testing

One can draw at least three conclusionsfrom Table 2. First, the quality of
a test set extracted from a resolution proof depends on proof quality. As we
mertioned above, tests detecting stuck-at faults is a part of inp(Tha ) Where



That IS @ point image of a natural resolution proof Rpy . Table 2 shows that
thesetests performed better than tests extracted from proofs found by FI (that
are signi cantly larger). Second,even though tests detecting the stuck-at faults
have high quality, they do not detect all literal appearancefaults. Third, tests
extracted from a point image T of a resolution proof R perform better than
random tests. For circuits c432 c499 that are \shallow" (i.e. have few levels
of logic) and have relatively large number of outputs (7 and 32 respectively)
tests extracted from resolution proofs performed only slightly better. (Testing
of shallow circuits with many outputs is \easy") . However, for circuits cordic
and i2 that are also shallow but have only 2 and 1 outputs respectively tests
extracted from resolution proofs signi cantly outperformed random tests.

9 Conclusion

In this paper, we dewelop a theory of sucient test sets. The essenceof our
approad is to interpret a set of tests not as a sample of the seard spacebut
as a formal \pro ver". We beliewve that this theory can have many applications.
One obvious application is generation of high-quality tests. We shaw that such
tests can be extracted from resolution proofs. One more interesting direction for
researt is extending the notion of stable setsof points (which is the foundation
of our approad) to domains other than propositional logic. This may lead to
developing new methods of generating high quality test sets for more complex
objects like sequettial circuits or even programs.
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