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Abstract

In this report we revisit the theory introduced in [2]. We
formulate it in terms of correlation functions so showing that the
introduction of filtering functions is not necessary. We aso
describe an agorithm of equivalence checking for circuits with a
known specification that is based on computation of correlation
functions only (no filtering functions are computed).

1. Introduction

This report is simply a rewrite of paper [2] that presented
some results on complexity of equivalence checking of circuits
with a common specification. The results of [2] were formulated
in terms of correlation and filtering functions. In this report, we
show that the introduction of filtering functions is not necessary
and the theory of [2] can be formulated in terms of correlation
functions only. This aso applies to publications [3] and [4] in
which the introduction of filtering functions can be avoided
either. (Papers [2] and [4] are available online from the web page
http://eigold.tripod.conVpapers.html. )

In the report we follow the structure of paper [2] with the
following exceptions. To reduce the repetition of text we omitted
material presented in Sections 1, 5 and 6 of [2]. The maor
changes are made in section 4 which presents the main result. In
particular, we added subsection 4.4 in which we explain why
filtering functions can be dropped. Finaly we added a section
describing an agorithm for equivalence checking of circuits Ny,
N, with a known common specification S (Section 5). This
agorithm is identical to that of [4] with the following two
exceptions. We formulate this algorithm in terms of correlation
functions only (filtering functions are not used). We emphasize

the fact that for this algorithm the specification S does not have to
be represented explicitly. The algorithm only needs to know the
partitioning of N; and N, into subcircuits that are implementations
of blocks of S

2. Common Specification of Boolean Circuits

In this section, we introduce the notion of a common
specification of Boolean circuits. Let Sbhe acombinational circuit
of multi-valued blocks (further referred to as a specification)
specified by a directed acyclic graph H. The sources and sinks of
H correspond to primary inputs and outputs of S. Each non-source
node of H corresponds to a multi-valued block computing a
multi-valued function of multi-valued arguments. Each node of n
of H is associated with a multi-valued variable A. If n is a source
of H , then the corresponding variable specifies values taken by
the corresponding primary input of S If nis a non-source node
of Sthen the corresponding variable describes the values taken by
the output of the block specified by n. If n is a source
(respectively a sink), then the corresponding variable is caled a
primary input variable (respectively primary output variable).
We will use the notation C=G(A,B) to indicate that a) the output
of a block G is associated with a variable C; b) the function
computed by the block G is G(A,B); c) only two nodes of H are
connected to the node n in H and these nodes are associated with
variables A and B.

Denote by D(A) the domain of the variable A associated
with anode of H. The value of [D(A)| is caled the multiplicity of
A. If the multiplicity of every variable A of Sisequal to 2then S
isaBoolean circuit.



Now we describe how a Boolean circuit N can be produced
from a specification S by encoding the multi-valued variables. Let
D(A)={ay,...,a} be the domain of a variable A of S. Denote by
q(A) a Boolean encoding of the values of D(A) that isamapping
g:D(A) - {0,1}™ . Denote by length(gq(A)) the number of bitsin g
that is the value of m. The value of q(a;), a O D(A) iscalled the
code of a. Given an encoding q of length m of a variable A
associated with a block of S, denote by v(A) the set of m coding
Boolean variables.

In the following exposition we make the assumptions
below.

Assumption 1. Each gate of a Boolean circuit and each block
of a specification has two inputs and one output.

Assumption 2. The multiplicity of each primary input (or
output) variable of a specification isa power of 2.

Assumption 3. If Aisaprimary input (or output) variable of a
specification, then length(g(A))=log,(ID(A)])

Assumption 4. If a; and a, are values of a variable A of a
specification and a; # a,, then q(ay) # q(ay).

Assumption 5. 1f A and B are two different variables of a
specification , then v(A) n v(B) =0.

Remark 1. From Assumption 2, Assumption 3, and Assumption
4 it follows that if A is a primary input (or output) variable, a
mapping ¢:D(A)-{0,1}™ is hijective. In particular, any
assignment to the variables of v(A) is a code of some value
a [JD(A).

Definition 1. Given a Boolean circuit |, denote by Inp(l)
(respectively Out(l)) the set of variables associated with primary
inputs (respectively primary outputs) of 1.

Definition 2. Let X, and X, be sets of Boolean variables and
X, O X,. Let y be an assignment to the variables of X . Denote by
proj(y,X,) the projection of y on X; i.e. the part of y that consists of
the assignments to the variables of X..

Definition 3. Let C=G(A,B) be ablock of specification S Let
q(A),q(B),q(C) be encodings of variables A,B, and C respectively.
A Boolean circuit | is said to implement the block G if the
following three conditions hold:

1) Theset Inp(l) isasubset of v(A) O v(B).

2) Theset Out(l) isequal to v(C).

3) If the set of values assigned to v(A) and v(B) form codes q(a)
and q(b) respectively where a [0 D(A), b O D(B), then I(Z)=q(c).
Here Z isthe projection of the assignment z=(q(a),q(b)) on Inp(l),
I(Z) isthevaluetakenby l at Z, and c=G(a,b).

Remark 2. The reason why Inp(l) may not include all the
variables of v(A) and/or v(B) is that the function G(A,B) may not
distinguish some values of A or B. (G(A,B) does not distinguish,
say, values a;,a, 0 D(A), if for any b O D(B), G(a1,b)=G(a,,b).)
So to implement G(A,B) the circuit | may need only a subset of
variables of v(A) O v(B). This said, for the sake of simplicity, we
will - write  1(q(a).q(b)) meaning  1(q'(a).q’'(b)). q'(a)=
proj(q(a).Inp(1)) and g’ (b)=proj(q(b).Inp(1)).

Definition 4. Let S be a multi-valued circuit. A Boolean circuit
N is said to implement the specification S, if it is built according
tothefollowing two rules.

1) Each block G of S is replaced with an implementation | of
G.

2) Let the output of block G; (specified by variable R) be
connected to an input of block G, (specified by the same variable

R) in S. Then the outputs of the circuit 1, implementing G; are
properly connected to inputs of circuit I, implementing G,.
Namely, the primary output of 1, specified by a Boolean variable x
0 v(R) is connected to the input of |, specified by the same
variable of v(R) if x O Inp(l,).

In Fig. 1la a specification of three blocks is shown. The
functiondity of two different implementations of the block
C=G,(AB) (Fig. 1b) are shown in Fig. 1c and 1d. Here
D(A)={ao,a1}, D(B)={bo,by,b2b3} and D(C)={co.c1,Cz}. Since A
and B are primary input variables, they are encoded with a
minimum length encoding and 0;(A)=0,(A) and qi(B)=0x(B)
where  gu(a0)=0, du(a1)=1, qu(he)=00, gu(b1)=01, 0gi(h2)=10,
g:(b3)=11. Finaly, the encodings q,(C) and q,(C) are g.(co)=00,
a(c)=10, dx(c2)=01 and 0x(C)=100, dz(C1)=010, gx(c2)=001.
Remark 3. Let N be an implementation of a specification S.
Let p be the largest number of gates used in an implementation of
a multi-valued block of S in N. We will say that S is a
specification of granularity p for N.
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Figure 1. A specification and the functionality of two
implementations of a block

Definition 5. The topological level of a block G in a
specification S is the length of the longest path from a primary
input of Sto G. (The length of a path is measured in the number of
blocks onit. The topological level of aprimary input is assumed to
be 0.) Denote by level (G) the topological level of Gin S



Let N be an implementation of a specification S From
Assumption 4 it follows that for any value assignment h to the
input variables of N there is a unique set of vaues (Xg,...,X),
where x; 0 D(X;) such that h=(q(xa),...,q(X%)). That is thereis one-
to-one correspondence between assignments to primary inputs of
Sand N. The same appliesto primary outputs of Sand N.

Definition 6. Let N be an implementation of S Given a Boolean
vector y of assignments to the primary inputs of N, the
corresponding  vector  Y=(x,..,x), X 0O D(X) such that
y=(q(x),...,a(x,)) is called the pre-image of y.

Proposition 1. Let N be a circuit implementing specification S.
Let I(G) be the implementation of a block C=G(A,B) of Sin N .
Let y be a value assignment to the primary input variables of N
and Y be the pre-image of y. Then the values of primary outputs
of I(G) form the code g(c) where ¢ is the value taken by the output
of G when theinputs of S take the values specified by V.

Proof. The proposition can be proven by induction in topological
levels of variables of the specification S According to Remark 1,
the proposition holds for the variables of topological level O
(primary input variables of S). Let C=G(A,B) be ablock of Sand
level(G)=n, n>0. Let I(G) be the implementation of G in N. By
the induction hypothesis, values taken by the variables of v(A) and
v(B) in N under the input assignment y should be q(a) and q(b)
respectively. Here a and b are values of variables A and B under
the input assignment Y. Then from Definition 3 it follows that the
outputs of 1(G) takethe values of q(C) where c=G(a,b) . o
Proposition 2. Let N;, N, be circuits implementing a
specification S, Let each primary input (or output) variable X of S
have the same encoding in N; and N,. Then Boolean circuits Ny
and N, are functionally equivalent.

Proof. Let y be an arbitrary assignment to input variables of N;
and N,. Since the encodings of primary input variables of Sin N,
and N, are the same, then the pre-image Y of y for N; and N, isthe
same. Let C be a primary output variable of S associated with a
block G. From Proposition 1 it follows that the values taken by
the implementations 1,(G) and 1,(G) of G in N; and N, are equa
to gu(c) and gy(c) respectively. Here c is the value taken by the
output of G under input assignment Y and g, and g, are encodings
of the primary output variable C in N; and N,. Since C has the
same encoding in N; and N,, then g;(c) = gy(c). o
Definition 7. Let N,, N, be two functionally equivalent Boolean
circuits. Let N,, N, implement a specification S so that for every
primary input (output) variable X encodings q,(X) and g,(X) (used
when producing N, and N, respectively) are identical. Then N is
called a common specification (CS) of N, and N,.

Definition 8. Let S beaCS of N,,N,. Let p, (respectively p,) be
the granularity of Swith respect to N, (respectively N,). Then we
will say that SisaCSof N,,N, of granularity p = max(p,,p,).
Definition 9. Given two functionally equivalent Boolean circuits
N, N,, S iscalled the finest common specification if it has the
smallest granularity p among all the CSsof N, and N,.

3. Equivalence Checking as SAT

Since in this report we formulate the complexity of

equivalence checking in terms of resolution proofs, we recal a
common way of reducing equivalence checking to the
satisfiability problem.
Definition 10. A digjunction of literals of Boolean variables not
containing two literals of the same variable is caled a clause. A
conjunction of clauses is caled a conjunctive normal form
(CNF).

Definition 11. Given a CNF F, the satisfiability problem (SAT)
is to find a value assignment to the variables of F for which F
evaluates to 1 (also called a satisfying assignment) or to prove
that such an assignment does not exist. A clause K of F issaid to
be satisfied by avalue assignment y if K(y)=1.

The standard conversion of an equivalence checking
problem into an instance of SAT is performed in two steps. Let N;
and N, be Boolean circuits to be checked for equivalence. At the
first step of this conversion, a circuit M caled a miter [1] is
formed from N; and N,. The miter M is obtained by 1) identifying
the corresponding primary inputs of N; and N,; 2) XORing each
pair of corresponding primary outputs of N; and N,; 3) ORing the
outputs of the added XOR gates. So the miter of N; and N,
evaluates to 1 if and only if for some input assignment a primary
output of N; and the  corresponding output of N, evaluate to
different values. Therefore, the problem of checking the
equivalence of N; and N, is equivalent to testing the satisfiability
of the miter of N; and N,.

At the second step of conversion, the satisfiability of the
miter is reduced to that of a CNF formula F. This formula is a
conjunction of CNF formulas F4,..,F, specifying the functionality
of the gates of M and a one-literal clause that is satisfied only if
the output of M is set to 1. The CNF F; specifies thei-th gate g; of
M. Any assignment to the variables of F; that is inconsistent with
the functiondlity of g; falsifies a clause of F; (and vice versa, a
consistent assignment satisfies all the clauses of F;.) For instance,
the AND gate y=x;%, is specified by the following three clauses
~X1 O~% 0y, X O~y, %O~y.

4. Equivalence Checkingin General
Resolution

In this section, we prove some results about the complexity of

equivaence checking of circuits with a CS of granularity p. The

main idea of the proof isthat if SisaCS of N; and N,, then their

equivalence checking reduces to computing the correlation

function for encodings q;(C),02(C) of each variable C of S. The

two main properties of correlation functions are that

e They can be built based only on the information about the
topology of S and about “assignment” of gates of N; and N,
to blocks of S

»  The correlation function for encodings ;(C),q.(C) of the
variable C specifying the output of a block G(A,B) can be
computed “localy” from the correlation functions of
encodings of variables A and B and CNFs specifying
implementations 1,(G) and 1,(G). So these functions can be
computed in topologica order starting with inputs and
proceeding to outputs.



4.1 Class M(p) and general resolution

Definition 12. Given a constant p, a CNF formula F is a
member of the class M(p) if and only if it satisfies the following
two conditions.

e F isthe CNF formula (obtained by the procedure described
in Section 3) specifying the miter of a pair of functionally
equivalent circuits Ni,No.

¢ NN, hasaCS of granularity p.
Definition 13. Let K and K’ be clauses having opposite literals
of avariable (say variable x) and there is only one such variable.
The resolvent of K , K’ in variable x is the clause that contains al
the literals of K and K’ but the positive (i.e. literal X) and negative
(i.e. literd ~x) literals of x. The operation of producing the
resolvent of K and K’ is called resolution.
Definition 14. General resolution is a proof system of
propositional logic that has only one inference rule. Thisruleisto
resolve two existing clauses to produce a new one. Given a CNF
formula F, a proof L(F) of unsatisfiability of F in the general
resolution system consists of a sequence of resolutions resulting in
the derivation of an empty clause (i.e. aclause without literals).

General resolution is complete, which means that given an
unsatisfiable formula F there is aways a proof L(F) that derives
an empty clause.

Definition 15. Let F be a set of clauses. Denote by supp(F) the

set of variables whose literals occur in clauses of F.

The following Proposition 3 and aso Propositions 4,5,6
proved in subsections 4.2, 4.3 are used in the proof of Proposition
7 that isthe main result of this paper.

Proposition 3. Let F be a set of clauses that implies a clause K.

Then thereisa sequence of resolutions of at most 3*™' steps that

resultsin the derivation of aclause that impliesK.

Proof. Denote by F' the formula that is obtained from F by

making the assignments that set the literals of K to O (and

removing the satisfied clauses and the literals set to 0). It is not
hard to see that F' is unsatisfiable since it implies an empty
clause. So there is a resolution proof L(F’') that results in

deducing an empty clause. Then by replacing each clause of F’

involved in L(F') with its “parent” clause from F we get a

sequence of resolutions resulting in deducing a clause that

implies K. The number of resolvents in L(F') cannot be more
than 3%®)I (i.e the total number of clauses of |supp(F’)|

variables) and so it cannot be more than 3%, o

4.2 Corrdation functions

Definition 16. Let Sbe a CS of circuits N, and N, and C be
a variable of S A function Cf (v,(C),v,(C)) is called a
correlation function for encodings g, and g, of the values
of C (used when producing N, and N,) if :

- supp(Cf) 0 v(©) D v(0).

e Cf(z, 2)=1 for any assignment z; to v;(C) and 2z to v,(C)
such that z=0;(c) and z=0q,(c) where c 0 D(C). Otherwise
Cf(z, 2)=0.

From now on we will say that Cf(vy(C),v»(C)) is the
correlation function for the variable C meaning that it is the
correlation function for encodings g,(C),q,(C) of the variable C.

Remark 4. If C is a primary input variable of S then
Cf(v4(C),v»(C)) = Eq(v+(C),v»(C)). The function Eq(z, ) is equal
to 1 iff z=qy(c), z = gu(c), where ¢ O D(C) and g;(c) = gx(c).
Otherwise , Eq(v1(C),v»(C)) is equa to 0. Indeed, as it follows
from Remark 1, sets v;(C) and v,(C) have the same number of
coding variables and any assignment to v,4(C) or v,(C) is the code
of avaue c O D(C). Besides, from the definition of CS it
follows that g;(C)=0x(C). So every “permissible” assignment
(xy) to the variables of v;(C),v»(C) can be represented as
(6(€),02(c)), were ¢ [ D(C) and a(c) = 0z(C).-

Proposition4. Let S be a CS of circuits NN, Let
C=G(A,B) be ablock of S. Let F be the CNF formula specifying
the miter of N,,N, built as described in Section 3. Let F(1,(G)) and
F(1,(G)) be the part of F specifying the implementation I,(G) and
I(G) of G in N, and N, respectively. Then P implies
Cf(v,(C),v,(C)). Here P = Correlation O Implementation and,
Correélation = Cf(v,(A),v,(A)) TCi(v,(B).v,(B)), Implementation =
F(1,(G)) OF(1(G).

Proof. To prove that P implies Cf(v,(C),v»(C)) one needs to show
that any assignment that sets P to 1 also sets Cf(v1(C),v,(C)) to 1.
It is not hard to see that the support of all the functions of the
expression P - Cf(vy(C),»(C)) is a subset of supp(F(1,(G)) O
supp(F(1(G)). Let h=(xg, X2, Y1, Y2, Z1, ) be an assignment that
sets P to 1 where X, Xo, Y1, Yo, 21, 2 @€ assignments to vy(A),
Vo(A), vi(B), Vo(B), v4(C), vo(C) respectively. Then hhasto setto 1
all the functions the conjunction of which forms P. Since h hasto
set the function Correlation to 1, then x;=q,(a), X,=0,(a) where
all D(A) and y;=gi(b) , Y.=0x(b), where b O D(B). So
h=(q.(a),02(a), qi(b),ax(b), z, z). Since h sets the function
Implementation to 1, then z hasto be equal to g;(c), c=G(a,b) and
Z has to be equa to gyc). So h is equa to

(02(2),02(2),01(b),02(0),02(€).G2(C))  and  hence it sets the
correlation function Cf(v,(C),vx(C)) to 1. o

4.3 Complexity of formulasfrom M(p)

Proposition 5. Let AB,C be Boolean functionsand A 0B-
C. Then for any function A’ such that A' - A, it is true that
A OB~ C.

Proof. Let x be an assignment that sets A’ 1B to 1. Then A’ (X)=1
and B(x)=1. Since A’ - A, then A(X)=1. Then A(x) OB(x) =1 and
s0 C(x)=1.

Proposition 6. Let X, and X, be sets of Boolean variables,
F(X,X,) and H(X,) be CNF formulasand F imply H. Then in at
most 3" resolution steps one can derive a CNF formula H’
that implies H(X,) such that supp(H") O supp(H).

Proof. Let K be aclause of H. From Proposition 3 it follows that
in at most 3P steps one can derive aclause K’ that implies K.
Since K’ - K, then supp(K') O supp(K). So in a most |H| O
3%l gtens, where |H| is the number of clauses in H, one can
derive aCNF H’ implying H such that supp(H’) O supp(H). (The
fact that H' implies H follows from Proposition 5.) However, if



one does not produce the same resolvent twice, the total number
of resolution stepswhen deriving H’ cannot be more than 3P
(because it isthe total number of clauses of [supp(F)| variables).

Proposition 7. Let F be aformula of M(p) specifying the miter
of circuits N;,N, obtained from a CS S of granularity p. The
unsatisfiability of F can be proven by a resolution proof of no
more than dChB® resolution steps where n is the number of
blocksin S and d isa constant.

Proof. From Proposition 4 it follows that one can deduce
correlation functions for al the variables of S starting with blocks
of topological level 1 and proceeding in topologica order.
Indeed, let C=G(A,B) be a block of topological level 1. Then A
and B are primary input variables and the correlation functions for
them are equal to Eq(vi(A),v»(A)) and Eq(vy(B),v,(B)) respectively
(see Remark 4). The correlation function Cf(vy(C),v5(C)) is
implied by P =F(I(G)) O F(I2(G)) O Eqi(A).Vx(A)) O
Eq(vi(B),v»(B)). So a function implying Cf(vy(C),v»(C)) can be
derived from P by resolution. From Proposition 5 it follows that
to apply Proposition 4, instead of the function Cf(vy(C),v,(C)),
one can use any function implying it. After correlation functions
are computed for all the variables of level 1, the same procedure
can be applied to variables of topological level 2 and so on. If S
consists of n blocks, then in n steps one can deduce correlation
functions for the primary output variables of S. At each step the
correlation function is computed for a variable C=G(A,B) of S
The complexity of this step is no more than 3%. Indeed, the
support of al functions mentioned in Proposition 4 needed for
computing Cf(v4(C),v»(C)) is a subset of A=supp(F(1.(G))) O
supp(F(12(G))). The total number of gates in 1,(G) and 1,(G) is
bounded by 2p, each gate having 2 inputs and 1 output. So the
total number of variablesin A cannot be more than 6p. Then from
Proposition 6 it follows that in at most 3% steps one can deduce
CNFs implying Cf(v4(C),v»(C)). Then the total number of
resolution steps one needs to deduce functions implying the
correlation functions for the primary output variables of S is
bounded by n(B®.

Now we show that from the correlation functions for primary
output variables of S one can deduce an empty clause in the
number of resolution steps linear in nCp. Let C be a primary
output variable specifying the output of ablock G of N. Let 1,(G)
and I,(G) be the implementations of G in N; and N, respectively.
Let [D(C)|=2¢ (By Assumption 2 the multiplicity of C is a power
of 2.) Then length(g.(C))= length(ax(C))=k. (By Assumption 3,
values of Sare encoded by aminimal length encoding.)

Now we show that there is always a correlation function
Cf(v1(C),v5(C)) that implies the CNF consisting of k pairs of two
literal clauses specifying the equivalence of corresponding outputs
of 1,(G) and I,(G). Let f; and f, be two Boolean variables of v;(C)
and v,(C) respectively that specify corresponding outputs of N;
and N,. Since Sis a CS of N; and N,, then ¢,(C)=0g,(C). So any
assignment  ¢;(c),0x(c) to vi(C) and vy(C) that satisfies
Cf(v1(C),v5(C)) also satisfies clauses K'=f; 0 ~f, and K" =~f; O f.
So K' and K" are implied by Cf(vy(C),v»(C)) and so clauses
implying them can be deduced by the procedure described in the
proof of Proposition 4. (The resolution steps one needs to deduce
equivalence clauses are already counted in the expression n[BGp)

Using each pair of equivalence clauses K' and K" (or
clauses implying them) and the clauses specifying the gate

g=XOR(f,f,) of the miter, one can deduce asingle litera clause
~g. This clause requires setting the output of this XOR gate to 0.
Each such a clause can be deduced in the number of resolutions
bounded by a constant and the total number of such clauses
cannot be more than nCp. Finaly, from these unit clauses and the
clauses specifying the final OR gate of the miter, the empty clause
can be deduced in the number of resolutions bounded by nCp. So
the empty clause is deduced in no more than nB8%* + o Lhip
steps where d’ is a constant. Finaly, one can pick a
constant d such n(B® + dCh(p<dhB® o

Remark 5. The essence of the resolution proof described in
Proposition 7 is to compute correlation functions “inductively”
moving from inputs to outputs. It is not hard to see that this
computation is not restricted to general resolution. Indeed , dl the
terms of the expression P=Cf(v,(A), vo(A)) O Cf(vy(B), vo(B)) O
F(14(G)) OF(I(G)) are just functions and so can be represented in
any possible way (i.e. not only as CNF formulas). Besides,
Proposition 7 can be proven in terms of existential quantification
introduced by Definition 17. Indeed, from Proposition 8 below it
follows that Cf(v1(C),v»(C)) (or a function implying it) can be
obtained from P by existentially quantifying away al the variables
except those of vi(C) O v,(C). Existential quantification of a
function can be done in many ways, for example, by using BDDs.
So, summarizing, Proposition 7 can be formulated and proven in
terms of functions and existentid quantification i.e
independently of a proof system.

Definition 17. Let f be a Boolean function. We will say that
function f* is obtained from f by existentialy quantifying away
Boolean variable x if f* = f(...,x=0,...) O f(... x=1,....).
Proposition 8. Let X, and X, be two digoint sets of Boolean
variables. Let F(X,X,) and H(X,) be two Boolean functions and F
imply H. Let F*(X, \ {x}, X)) be obtained from F(X,X) by
existentially quantifying away the variable x. Then F*(X\ {x},X,)
aso impliesH(X).

Proof. Denote by X’ the set X;\{x}. Let (z z',2) be a boolean
vector representing an assignment to the variables of X; O X,.
Here zis a Boolean value assigned to the variable x and z', z, are
Boolean vectors representing assignments to the variables of X’
and X, respectively. Suppose that F*(z', z) = 1. According to
Definition 17, F*(X",X5) = F(0, X1,Xp) O F(1, X,X5) and so
either F(0, z', z) or F(0, z/, z) has to be equal to 1. Since
F(x,X",X5) implies H(X,) then H(z) = 1. So from F*=1 it follows
that H=1. Hence F* implies H.

Remark 6. In Proposition 7 we give a worst case estimate for
the complexity of correlation function computation. In practice,
this complexity can be much lower. In a sense, the best way to
interpret the theory developed in this section is that the
complexity of equivalence checking of circuits Ni,N, with aCS S
islinear in the number of blocksin S

Remark 7. In this report, for the sake of clarity, we assumed
that every block of a specification has two inputs and one
output (Assumption 1). However, one can easily extend
Proposition 7 to the case of a specification S where a block may
have an aribtrary (but finite) number of inputs. (We till assume
that every gate of circuits N; and N, implementing S have two
inputs and one output). Indeed, let G be a block of S with n
inputs and let C, A,,.., A, be variables associated with its output



and n inputs respecitvely. Then one can prove (in the same
manner as in Proposition 4) that correlation  function
Cf(v4(C),v»(C)) is implied by the expression P = Correlation [
Implementation. Here Implementation= F(1,(G)) O F(Ix(G)) is the
same as in Proposition 4 and Correlation = Cf(vy(Ay), Vo(Ay)) O
... OCF(v(Ay), Va(Ay)). So to compute the correlation function for
the output of an n-input block one needs to compute n correlation
functions corresponding to n input variables. Other than that, the
proof of Proposition 7 does not change.

4.4 A few wordsabout filtering functions

In subsection 4.3, we reproduced the result of [2] without
introducing filtering functions. To make things even more clear,
in this subsection we give an informal explanation of why filtering
functions can be dropped. We aso explain under what
circumstances filtering functions might come useful.

Here isthe definition of filtering functions from [2].

Definition 18. Let N be an implementation of a specification S
Let C be avariable of Sassociated with the output of a block G.
A function Ff iscaled afiltering function if:

e supp(Ff) O v(C).

e If an assignment z to the variables of v(C) isacode g(c), cJ

D(C), then Ff(2)=1. Otherwise, Ff(2=0.

Let N; and N, be circuits with aCS S, Let v4(C) and v,(C) be
the coding variables of the variable C of S corresponding to the
implementations 1,(G) and 1,(G) in N; and N, respectively. From
Definition 18 of filtering functions and Definition 16 of
correlation functions it follows that

Ff(v1(C)) OFf(vo(C)) O Cf(vy(C),v(C)) = C(vy(C),v(C)).

On the other hand, in Proposition 7 of [2] (used to prove the main
result i.e. Proposition 8) filtering functions Ff(v,(C)) O Ff(v,(C))
appear only in conjunction with the correlation function
Cf(v4(C),v»(C)). So filtering functions can be removed from the
proof.

The reason why filtering functions appeared in [2] was that
originally the definition of correlation functions used in the
manuscript was as follows.

Definition 19. Let S be a CS of circuits N, and N, and C be a
variable of S’ A function Cf is called a correlation function for
encodings g, and g, of the values of C (used when obtaining N,
and N,) if :

- supp(Cf) O v(©) D v(0).

e Cf(z, 2)=0 for any assignment z; to v;(C) and 2z to v,(C)
such that z=q,(c) and z=qy(c*) where c,c* 00 D(C) and
C£C*.

It isnot hard to see that Definition 19, only partialy defines

Cf. Definition 19 can be viewed is a relaxation of Definition 16,

meaning that the correlation function specified by the latter is an

implementation of the correlation function specified by the

former. If correlation functions are specified by Definition 19,

then to prove Proposition 7 one needs filtering functions.

(Because now Ff(v4(C)) O Ff(vo(C)) O Cf(v4(C),v2(C)), in general,

is not equivalent to Cf(v4(C),v»(C)).) Later, the definition of
correlation functions was changed to the one used in [2] which
made filtering functions redundant.

Definition 16 is preferable from a “theoretical” point of view
because it reduces the number of objects employed in our theory.
However, in practical implementations of the algorithm of
equivalence checking described in Section 5, the use of filtering
and correlation functions specified by Definition 18 and
Definition 19 respectively, instead of correlation functions
specified by Definition 16, may make sense. The reason is that
Definition 16 mixes up two unary and one binary relation
specified over the set of output assignments of subcircuits 1,(G)
and 1,(G). On the other hand, in practical applications one may
want to compute them separately. (The unary relations are
specified by the filtering functions Ff(vy(C)) and Ff(v,(C)) that
single out output assignments of 1,(G) and 1,(G) that are codes of
C. The binary relation is given by the correlation function
Cf(v,(C),v(C)) specified by Definition 19.)

5. Algorithm of Equivalence Checking with a
Known Specification

In this section we describe an algorithm for equivalence
checking of circuits with a known specification. This agorithmis
identical to the one introduced in [4] with a few exceptions. First,
we formulate this agorithm in terms of correlation functions only
(omitting filtering functions). Second, we emphasize the fact that
this equivalence checking procedure needs only an implicit
representation of a CS of circuits N3, N,. This representation is
given as a partitioning of Ny, N, into subcircuits.

In Section 4 we considered equivalence checking in genera
resolution that is a non-deterministic proof system. This means
that this proof is guided by an oracle that points to the next pair
of clauses to be resolved. Now we summarize the results of
Section 4 in adeterministic procedure of equivalence checking of
circuits N; and N, with a CS S of granularity p. The ideaiis that if
a CS Sof N; and N, is known, then Sitself can be viewed as an
oracle. This oracle is powerful enough to make equivalence
checking of N; and N, efficient. (However, if Sisunknown it is
unlikely that there is an efficient algorithm for equivalence
checking of N; and N, even if thereexistsa CSof Nj,N, of small
granularity.)

For the sake of simplicity, we will assume that all the primary
input and output variables of S are binary. (A more general case
implied by Assumption 2 and Assumption 3 is not much different
but makes explanation more wordy.) We will also assume that N,
and N, have only one primary output. Besides, we give the
description of the algorithm that is independent of the proof
system (see Remark 5).

Note that in the proof of Proposition 7 we never used an
explicit representation of blocks of S We only needed to know
how gates of N; and N, are assigned to subcircuits that are
implementations of blocks of S. So in the algorithm description
shown in Figure 2, a k-block specification S of NN, is
represented implicitly as a partitioning of these two circuits into k
subcircuits N5, N.K, Not.. NJ¢ . We assume that N, and N, are
implementations of the same block of specification S We also



assume that subcircuits are numbered in the topologica order of
blocksin S, That isif i > j, then the topological level of the block
implemented by N,' is greater or equal to the topological level of
the block implemented by N_'.

/*

Part(Ny)={N:%,..,.N;},

Part(N2)={ N2",..,N;}
*/

check_for_equivalence(N;, N,, Part(N,),Part(N,))

/* check that specification is correct “topolgically” */
if (check_partitionins(Part(N,),Part(N,)) == ‘incorrect’)
return(‘ unsolved’);

[* compute correlation functions */

for (i=1; i <=k; i++) o
{Correlation = comp_inp_corr_func(N;',N,);
Cf(N,', Ny) = comp_out_corr_func(N,',N,', Correlation);
}

/* check the correlation function of the last pair of subcircuits */
if (CF(N,, N,) implies equivalence_function)
return(‘ equivalent’);
else
return(‘ unsolved’);

}

Figure 2. Pseudocode of equivalence checking algorithm

The pseudocode of our algorithm for equivalence checking is
given in Figure 2. The procedure check partitions checks that
specification S represented by Part(Ny),Part(N,) is correct
topologically. Namely, it checks that if outputs of subcircuit Ny’
are (not) connected to inputs of subcircuit Ny, then outputs of
subcircuit N,' should (not) be connected to inputs of NJ. If thisis
not true, the check_partitions procedure returns result ‘incorrect’.

In the main loop we compute the correlation functions
Cf(N;,N,) in topological order. (Note that in Figure 2 we denote
correlation function differently to emphasize the fact that
specification S is represented implicitly. Here Cf(N,',N,") denotes
what we previously denoted as Cf(vy(C),v»(C)) where C is the
variable associated with the output of the block of Simplemented
by N;' and N;,'.). o

Before  computing Cf(N/\N,)  the  procedure
comp_inp_corr_func forms the expression Correlation. This
expression is a conjunction of
« the correlation functions corresponding to subcircuits whose

outputs are connected to inputs of N;' and N,'.
+ thecorrelation functions corresponding to the primary inputs
of Ny and N, (if any) that arein the fanin of N;' or N,

If, for example, inputs of N, are connected only to outputs of
subcircuits Ny and N;,™ (and so inputs of N,' are connected only to
outputs of NJ and N,", then Correlation = Cf(N/,N/) O
Cf(N;",N,™. On the other hand, if an input x, of N,'is a primary
input of N, (and so the corresponding input x, of N, is a primary
input of N,), then in the conjunction of terms specifying
Correlation there is term Eq(x;,%;) describing the equivalence of
X; and Xo.

The function comp_out_corr_func computes the correlation
function Cf(N,,N)) by existentialy quantifying the function
P=Implementation [I Correlation. The function Implementation =
F(N;) O F(N,) describes consistent assignments to the variables
of N;' and N,. The function Cf(N,,N,) is obtained from P by
existentialy quantifying away al the variables of N;' and N,
except the ones corresponding to outputs of N;' and Ny,

Finaly, the agorithm checks if the correlation function of
subcircuits N and N,X (whose primary outputs are primary
outputs of N; and N,) implies the equivalence function. If yes,
then N; and N, are equivalent. Otherwise, the algorithm returns
the ‘unsolved’ answer.

The complexity of the algorithm shown in Figure 2 is the same
asin general resolution i.e. dChB® where d isaconstant. That is
for the class of formulas M(p) with the fixed vaue of p, the
complexity of thisagorithmislinear in circuit size.

6. Conclusions

In this report, we prove the results of paper [2] without using
the notion of filtering functions. This alows us to smplify the
formulation of our theory for equivalence checking of circuits
with a common specification. Besides, we give a modified
description of the algorithm for equivalence checking of circuits
with a known specification. In this description we use only
correlation functions (omitting fitering functions) and emphasize
the fact that CSiis represented implicitly.
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